Abstract. Let G be a finite simple graph on n vertices and J G denote the corresponding binomial edge ideal in S = K[x 1 , . . . , x n , y 1 , . . . , y n ]. In this article, we prove that if G is a fan graph of a complete graph, then reg(S/J G ) ≤ c(G), where c(G) denote the number of maximal cliques in G. Further, we show that if G is a k-pure fan graph, then reg(S/J G ) = k + 1. We then compute a precise expression for the regularity of Cohen-Macaulay bipartite graphs.
Introduction
Let G be a finite simple graph on [n]. Herzog et al. in [5] and independently Ohtani in [10] , introduced the notion of binomial edge ideal corresponding to a finite simple graph. Let S = K[x 1 , . . . , x n , y 1 , . . . , y n ], where K is a field. The binomial edge ideal of the graph G is J G = (x i y j − x j y i : {i, j} ∈ E(G), i < j). Researchers have been trying to establish connections between combinatorial invariants associated to G and algebraic invariants associated to J G . In particular, connections have been established between homological invariants such as depth, codimension, Betti numbers and Castelnuovo-Mumford regularity of J G with certain combinatorial invariants associated to G, see for example [3, 5, 6, 8, 9, 11, 12, 13] . In [9, Theorem 1.1], Matsuda and Murai proved that for any graph G on vertex set [n], l ≤ reg(S/J G ) ≤ n−1, where l is length of longest induced path in G. They conjectured that reg(S/J G ) = n − 1 if and only if G is the path graph. This conjecture was settled in affirmative by Kiani and Saeedi Madani in [8] . For a graph G, let c(G) denote the number of maximal cliques of G. If G is a closed graph, i.e., if J G has a quadratic Gröbner basis, then Saeedi Madani and Kiani proved that reg(S/J G ) ≤ c(G), [12] . They conjectured that reg(S/J G ) ≤ c(G) for any finite simple graph G, [13] . In [7] , Saeedi Madani and Kiani proved the conjecture for generalized block graphs.
Another homological invariant associated with an ideal I is the depth of S/I. While not much is known about the depth of binomial edge ideals, there are some results on the structure of certain classes of graphs whose binomial edge is Cohen-Macaulay, which corresponds to the highest possible depth. Bolognini et al. studied the structure of bipartite graphs and characterized the Cohen-Macaulayness of the binomial edge ideals of bipartite graphs in [1] . They introduced a family of bipartite graphs, denoted by F m and a family of non-bipartite graphs, denoted by F W k (K n ), whose binomial edge ideals are Cohen-Macaulay (see Sections 2 and 3 for the definition).
Other than the bounds which are valid for all graphs, not much is known about the regularity of bipartite graphs. In this article, we compute the regularity of Cohen-Macaulay bipartite graphs. First, we show that the k-fan graphs F W k (K n ) satisfy the upper bound 1 conjectured by Kiani and Saeedi Madani. It may be noted that F W k (K n ) is not necessarily a generalized block graph or a closed graph. We also obtain a subclass which attains the upper bound, (Theorem 3.3). We then compute the regularity of k-pure fan graphs, (Theorem 3.4). In [1] , it was proved that if G is a connected bipartite graph, then J G is Cohen-Macaulay if and only if G = G 1 * · · · * G s , where G i = F m or G i = F m 1 •· · ·•F mt for some m ≥ 1 and m j ≥ 3, see Section 2 for the definition of the operations • and * . By [6, Theorem 3.1] , it is known that if G = G 1 * G 2 , then reg(S/J G ) = reg(S/J G 1 ) + reg(S/J G 2 ). Therefore, to compute the regularity of Cohen-Macaulay bipartite graphs, we need to understand the regularity behavior under the operation •. We first show that reg(S/J Fm ) = 3 if m ≥ 2, (Proposition 4.1). We then compute the regularity of the intermediate graphs such as F m 1 • · · · • F mt • H, where H is either F n or a fan graph F W k (K n ) for some n ≥ 3, (Theorem 4.6). Using this we obtain a precise expression for the regularity of binomial edge ideals of Cohen-Macaulay bipartite graphs, (Theorem 4.7).
Preliminaries
In this section we recall some notation and fundamental results on graphs and the corresponding binomial edge ideals which are used throughout this paper.
Let G be a finite simple graph with vertex set V (G) and edge set E(G). A graph G is said to be bipartite if there is a bipartition of V (G) = V 1 ⊔ V 2 such that for each i = 1, 2, no two of the vertices of V i are adjacent. 
For every m ≥ 1, F m denotes the graph on the vertex set [2m] and edge set E(F m ) = {{2i, 2j − 1} : i = 1, . . . , m, j = i, . . . , m}. We say that a graph G is Cohen-Macaulay if S/J G is Cohen-Macaulay. It was shown that the graphs F m 's form basic building blocks of Cohen-Macaulay bipartite graphs, see [1] for details. Here we recall from [1] the two operations, denoted by * and •, which are important in the study of Cohen-Macaulay bipartite graphs.
Operation * : For i = 1, 2, let G i be a graph with at least one free vertex f i . We denote by G = (G 1 , f 1 ) * (G 2 , f 2 ) the graph obtained by identifying the vertices f 1 and f 2 .
Operation • : For i = 1, 2, let G i be a graph with at least one pendent vertex f i and v i be its neighbor with deg
to be the graph obtained from G 1 and G 2 by removing the pendent vertices f 1 , f 2 and identifying the vertices v 1 and v 2 .
In the above notation, we may suppress f 1 and f 2 whenever it is not necessary to emphasize them. 
. For each i, letG i denote the complete graph on V (G i ) and
).
It was shown by Herzog et 
P T (G), [5] . For each i ∈ T , if i is cut vertex of the graph G[T ∪ {i}], then we say T has cut point property. Set C (G) = {φ} ∪ {T : T has cut point property}. Throughout this paper we use the following exact sequence, defined by Ene, Herzog and Hibi, [3] . 
and there is the short exact sequence:
The following basic property of regularity is used repeatedly in this article.
Lemma 2.2. Let R be a standard graded ring and M, N and P be finitely generated graded R-modules.
In [1] , Bolognini et al. introduced a family of chordal graphs namely the fan of a complete graph K n . In this section we prove an upper bound for the binomial edge ideal of this class of graphs. 
is the graph obtained from K n by the following operation: for every i = 1, . . . , r, attach a complete graph Let W = {1, 2, 3} ⊔ {4, 5}. Then it can be seen that
is a 2-fan graph which is not a pure fan graph.
We compute the regularity of this class of graphs. If k = 1, then we denote
, . . . , k} and for each j ∈ {1, . . . , r i }, a i,j > j + 1, then equality holds.
Proof. We prove the assertions by induction on k.
We proceed by induction on |W 1 | = r 1 . If r 1 = 1, then result follows from [6, Theorem 3.1]. Assume that r 1 > 1 and that the result is true for r 1 − 1. Set
Now, assume that k > 1 and result is true for k − 1. We proceed by induction on r k .
Assume that r k > 1 and the result is true for r k − 1. Since, v = v k,1 is not a free vertex, by Remark 2.1,
Let H be the complete graph on vertex set
Hence, by the short exact sequence (1) and Lemma 2.2, reg(S/J G ) ≤ reg(S/J G\v ) ≤ c(G).
Now, we prove the main theorem of this section. This theorem helps us to compute the regularity of Cohen-Macaulay bipartite graphs.
Proof. We prove this by induction on k. For k = 1, let W 1 = {v 1 , . . . , v r 1 } and {K a 1 , . . . , K ar 1 } be the branch of the fan on W 1 . We prove this assertion by induction on |W 1 | = r 1 . If r 1 = 1, then result follows from [6, Theorem 3.1] . Assume that r 1 > 1 and the result is true for r 1 −1.
Since, G ′ is 1-pure fan graph of K n \v 1 on W 1 \{v 1 }, it follows from the induction hypothesis that, reg(S/J G ′ ) = 2. Note that G = cone(v 1 , w ⊔ G ′ ). Therefore, by [7, Theorem 3.19] , reg(S/J G ) = reg(S/J G ′ ) = 2. Now, assume that k > 1 and result is true for k − 1. If
Let H be the complete graph on the vertex set
By induction on k, reg(S/Q 1 ) = reg(S/J Gv ) = k. Also, by induction on k, reg(S/Q 1 + Q 2 ) = reg(S/J Gv\v ) = k. Now, using the short exact sequence (1) and Lemma 2.2, we get reg(S/J G ) = k + 1.
It was proved in [9, Theorem 1.1] that reg(S/J G ) ≥ l, where l is length of longest induced path. Note that if k ≥ 2, then for F W k (K n ) the longest induced path has length 3. We conclude this section by obtaining an improved lower bound for this class of graphs. 
Regularity of Cohen-Macaulay bipartite graphs
In this section, we compute the regularity of binomial edge ideals of Cohen-Macaulay bipartite graphs. As a first step, we compute the regularity of F m , for m ≥ 2, which are the basic building blocks of a Cohen-Macaulay bipartite graph. Note that F 1 is K 2 , therefore, reg(S/J F 1 ) = 1. Proof. We prove the assertion by induction on m. Observe that F 2 is a path on 4 vertices, therefore reg(S/J F 2 ) = 3.
Assume now that m ≥ 3 and that the result is true for m − 1. Since v = 2m − 1 is not a free vertex of F m , by Remark 2.1, 
It follows from Theorem 3.4 that reg(S/Q 1 + Q 2 ) = reg(S/J (Fm) v \v ) = 2. Thus, by the short exact sequence (1) and Lemma 2.2, reg(S/J Fm ) = 3. Hence, the assertion follows.
It may be noted that for F m , any maximal induced path has length 3. Therefore, one can say that F m 's have minimal regularity, in the sense that it attains the lower bound given by Matsuda and Murai, [9] . 
Proof. Let V (F m 1 ) = {u 1 , . . . , u 2m 1 } and V (F m 2 ) = {w 1 , . . . , w 2m 2 }. In F m 1 , there are two vertices of degree 1, namely u 1 and u 2m 1 . So is the case for F m 2 . It may be noted that the graphs obtained by different choices of f 1 and f 2 are isomorphic. Hence, without loss of generality, we may assume that f 1 = u 2m 1 and f 2 = w 2m 2 . Let v = u 2m 1 −1 = w 2m 2 −1 in G. Since, v is not free vertex of the graph G, by Remark 2.1, there exist Q 1 = J Gv and
which is a 2-pure fan of H \ v on W . Therefore, it follows from Theorem 3.4 and Proposition 4.1 that reg(S/Q 1 ) = 3, reg(S/Q 2 ) = reg(S/J F m 1 −1 )+reg(S/J F m 2 −1 ) = 6 and reg(S/Q 1 + Q 2 ) = 3.
Hence, it follows from the short exact sequence (1) and Lemma 2.2 that
For the rest of the section, we assume that
Proof. Without loss of generality, assume that |W 1 | ≥ 2 and v ∈ W 1 . Since v is not free vertex of G, by Remark 2.2, there exist
, by Proposition 4.1 and Theorem 3.4, we get
Hence we conclude from the short exact sequence (1) 
Note that the regularities of S/Q 1 and S/(Q 1 + Q 2 ) remain the same. Therefore, it follows that reg(S/J G ) = k + 3.
We now study the regularity of graphs obtained by composing several F m 's with a pure fan graph using the operation •.
Proof. For each i ∈ {1, . . . , t} and j = {1, 2}, let f i,j be the only pendent vertices of F m i and for each i ∈ {1, . .
is the graph obtained from F m i and F m i+1 by removing the pendent vertices f i,2 , f i+1,1 and identifying the vertices 2m
We proceed by induction on t ≥ 2. Let t = 2. Let H = F W k (K n ) and H ′ be the complete graph on N G [v] . Without loss of generality, assume that |W 1 | ≥ 2 and v ∈ W 1 . Note that Assume now that H = F n . Without loss of generality, assume that v = 2n − 1. Let H ′′ be the complete graph on 
Note that G v \ v is an induced subgraph of G v . Thus, by [9, Corollary 2.2], reg(S/Q 1 + Q 2 ) = reg(S/J Gv\v ) ≤ reg(S/J Gv ) = 6. Hence, it follows from the short exact sequence (1) and Lemma 2.2 that reg(S/J G ) = reg(S/J F m 1 −1 ) + reg(S/J F m 2 −2 ) + reg(S/J F n−1 ). Now, assume that t ≥ 3 and the result is true for ≤ t−1.
By (1) 
